We calculate the force on a periodic array of spheres in a viscous ow at small Reynolds number and for small volume fraction. This generalizes the known results for the force on a periodic array due to Stokes ow zero Reynolds number and the Oseen correction to the Stokes formula for the force on a single sphere zero volume fraction. We use a generalization of Hasimoto's approach that is based on an analysis of periodic Green's functions. We compare our results to the phenomenological ones of Kaneda for viscous ow past a random arrays of spheres.
Introduction
Inertial e ects for particle motion in low Reynolds number ow are of interest in many applications but their theoretical analysis is rather complicated, even for a single particle as shown by L o valenti & Brady 1993 . In this paper we calculate inertial corrections to the hydrodynamic force on a xed periodic array of spheres in steady, viscous and incompressible ow. All spheres have the same radius a and their centers are placed on a cubic lattice of span L. The volume fraction c = 4 a 3 =3L 3 1:1 occupied by the spheres is assumed to be small as is the Reynolds number Re = U 0 a=, which is based on the average ow rate U 0 of the uid past the spheres, with U 0 =jU 0 j and the kinematic viscosity.
When both the volume fraction and the Reynolds number are in nitesimal, we h a ve viscous ow past a single sphere with no inertial e ects. The force is then given by the Stokes formula Batchelor 1967 1:4 This is one of several results concerning dilute suspension of small spheres in a viscous uid Batchelor 1972; Brinkman 1947; Childress 1972; Sa man 1973; Zick & Homsy 1982. In this paper we calculate from rst principles the small inertial corrections to Hasimoto's formula 1.4 when the Reynolds number is small but not zero, and the volume fraction c is also small but not zero. Kaneda 1986 studied this problem for a random array of xed spheres. He started with the Brinkman's equation Brinkman 1947 that describes ow in a xed random suspension of spheres, an e ective equation, and added to it inertial e ects just as in the Oseen calculation. The Brinkman equation is reasonably well understood as an e ective equation Hinch 1977; Rubinstein 1986 , but a mathematical justi cation for it, especially with inertial e ects, is hard and unavailable. Kaneda 1986 Inertial e ects and interacting sphere e ects are not additive, even when the Reynolds number and volume fraction are small, because the equations are nonlinear. This is clearly seen in Kaneda's result 1.5 although it is not discussed in detail in Kaneda 1986 . In gure 1 we plot the relative di erence between the additive e ects of inertia and particle ow i n teraction, and Kaneda's formula 1.5. This relative di erence is de ned as plane. This is not so clear from the black and white gure 1, but can be seen easily from a colored picture in which the color shows the height o f ERe; c. We note from the gure that E is positive, so that uid-particle interaction reduces drag, and that it can be as large as 40. A similar`screening' e ect is observed in the calculation of heat transfer in a dilute xed bed of spheres at a xed temperature Acrivos, Hinch & Je rey 1980. We analyze here the periodic version of Kaneda's problem starting from the steady Navier-Stokes equations and using matched asymptotic expansions Lagerstrom 1988 , combined with a generalized form of Hasimoto's method of periodic Green's functions. For simplicity w e consider only the case of a simple cubic lattice of spheres with centers at lattice points x n = Ln 1 e 1 + n 2 e 2 + n 3 e 3 for n = n 1 ; n 2 ; n 3 i n tegers. Our main result is the following formula for the force on the array where C and M = C ij 33 are given by 6.22 to 6.24 and I is the identity matrix, and = LRe=a, in terms of volume fraction c, i t i s = Re=3c=4
1=3
. When inertia is negligible and c is small we show that 1.9 reduces to Hasimoto's formula 1.4. In the opposite limit, where inertial e ects dominate particle interaction, 1.9 reduces to the Oseen formula 1.3. A table of values for 1.9 is provided in section 8.
In the intermediate regime where both inertial and particle interaction e ects are important, 1.9 is not the simple addition of the two e ects. This is shown in gure 2 which is qualitatively similar to gure 1. We plot the relative di erence between the additive Oseen-Hasimoto e ects and our result 1.9 as a function of particle radius a and Re, de ned similarly to 1.8 and can be written as The error depends on Re and c through parameter . F rom gure 2, we see clearly the drop in the relative drag correction, the screening e ect that is due to the uid-particle interaction. The wiggles in the gure are due to numerical errors in calculating C and C 11 .
The paper is organized as follows. In the next section we formulate the problem. In section 3 we review brie y Hasimoto's method. Sections 4 to 7 are devoted to the derivation of our results. In section 8 we present some numerical results that illustrate how the force and the average velocity are related by the new formula 1.9. Some technical mathematical calculations are presented in the appendices.
Formulation of the Problem
We consider a periodic array of identical rigid spherical particles of radius a in a Newtonian uid of viscosity and density , driven by a n a verage pressure gradient. We wish to nd the average uid ow that results when a no-slip boundary condition is satis ed on the surface of the spherical particles. The ow satis es the steady NavierStokes equations outside the particle array and is not small when r Oa=Re, which is called the Oseen distance. In our case, the distance between particles is L and so when Re Oa=L = Oc 1=3 the ow i s n o t correctly described by the Stokes equations. We h a ve to deal with the Navier-Stokes equations. We will use matched asymptotic expansions and Hasimoto's periodic Green's functions for this purpose. His work is based on the Stokes equations for j x , x n j a ;8n u = 0 for j x , x n j= a; 8n
and is reviewed brie y in the next section. In the rest of the paper we will deal with the dimensionless form of the Navier-Stokes equations x n = L a n 1 ; n 2 ; n 3 :
The average ow v elocity i s n o w e 0 = U 0 =U 0 which is a unit vector. We will omit the bars in the sequel. This may be used to construct a systematic expansion for the ow for small volume fraction as in Sangani & Acrivos 1983 In order to apply this fundamental solution to problem II , it is necessary to get expansions for S 1 and S 2 for jxj L. I f w e scale coordinates by L, or set L = 1, then 
Inner Expansion
We will use the method of matched asymptotic expansions to solve III . We start with an inner expansion of the form The conditions imposed on u 0 ; p 0 ; u 1 ; p 1 do not determine them uniquely. Additional conditions are provided by matching them to the outer expansion. Speci cally, we know that u 0 must agree with the leading term of the outer expansion for jxj large.
Since the ow is a perturbation of a uniform one, condition 2.1 in dimensionless form is for jxj large. This will now provide a matching condition for the rst-order outer expansion and it will give the leading term contribution to the force, which is exactly the Stokes force. The rst-order outer expansion will, moreover, provide boundary conditions for the rst-order inner approximation by matching, and this will determine it. We can then calculate the rst-order inertial force e ect in Hasimoto's formula.
Outer Expansion
From the scaling analysis we carried out in section 2, we know that inertial e ects are important when Re Oa=L. Let us set L = 1 and assume that Re = a with of order one. The outer expansion is, therefore, an expansion of solutions of III for small Re and small volume fraction. The small volume fraction part of the outer expansion leads to the point force approximation, as noted in section 3. We will not work this out in detail here cf. Sangani & Acrivos 1983 . We will begin instead with the point force approximation. This means wherex n is n 1 ; n 2 ; n 3 with n 1 ; n 2 ; n 3 i n tegers we h a ve set L = 1.
We n o w turn to the form of the outer expansion. We consider rst the Oseen analysis for a single particle. We h a ve to divide the ow i n to several regions. One is the Stokes and the other the Oseen region, which w e m ust divide further into the Oseen`near' and far' regions, as shown in gure 3. There are two reasons for doing this. The rst is that far' Oseen region is di erent in the periodic case since the other particles will be felt. The second is that the average ow v elocity of the`near' Oseen region is di erent from the one in the`far' Oseen region. The average ow v elocity o ver the full ow domain, and the`far' Oseen region, is the uniform ow e 0 . But we know from the solution of the Oseen equation Brenner and Cox 1963 These expressions are similar to 6.11-6.15 for Stokes equations. The lattice sum forS 2 is absolutely convergent e v erywhere, but S 1 andS 1 are only weakly convergent, in the sense of distributions. To continue with Hasimoto's approach for calculating the ow past small spheres we m ust estimate S 1 ,S 1 andS 2 for small j x j 1. Most of the work in estimatingS 1 and @ 2S 2 @xl@xj as j x j! 0 goes in extracting their singular part, which i s the key point that makes Hasimoto's method successful. As in Hasimoto 1959, we will use the Ewald summation technique to evaluateS 1 and @ 2S 2 @xl@xj .
To carry out the small j x j expansion of the lattice sums we use the identity Now w e can estimate 2 0; ; x and 2 e 0 ; ; x together with their second order derivatives by the formulas above. Moreover, the last term and its second derivatives are all absolutely convergent.
From 6.20 and 6.21, we get the expansion for U 1 as jxj , ! 0 U 1j = e 0j , 4 ,1 F j 2 j x j 1 + 3 4 x e 0 , F j C + F x 2 j x j 3 x j , F l C lj + 1 4
F xx e 0 2 j x j 3 x j , F e 0 2 j x j x j , F x 2 j x j e 0j We will not solve for u 1 ; p 1 explicitly here. Instead, we will use the result of Brenner and Cox 1963 for the force on the particle due to u 1 ; p 1 , as determined by the above conditions: 9Ce 0 +e 0 M+ 9 4 e 0 . This means that we do not have to get an improved version of formula 3.6, which is a considerable simpli cation. We note that the terms inside the second parentheses of 7.3 are odd in x and thus do not contribute to the force. Adding this force to the zero-order dimensionless force we get the drag where C and M = C ij 33 are giving by 6.22-6.24 and I is the identity matrix. This is the main result of our paper. We see that F and e 0 are related in a nonlinear way n o w, as expected. Furthermore, the drag depends on the volume fraction through a and on the Reynolds number. It is thus much more complicated than both Hasimoto's 1.4 and Oseen's 1.3 formulas. In Appendix B we show that our formula for the drag reduces to the Hasimoto and Oseen formulas, in the appropriate limit.
Numerical Calculations
We n o w calculate numerically the coe cients C and C ij , given by 6.22-6.24, and then the drag 7.4, for various values of the volume fraction and the Reynolds number.
To simplify the computations we c hoose e 0 = 1 ; 0; 0. This means that we do not discuss for all . Let us examine our results in three di erent cases, depending on the magnitude of .
Case 1: small
In this case our result should tend to the Hasimoto's formula 1.4. This is shown in gure 4. The analytical behavior of F for small is discussed in Appendix B.
Case 2: large We expect that our results tend to Oseen's formula in this case. This is shown in gure 5 where the dotted line is Oseen's formula. We do not show F for very large because the numerical calculation of the lattice sums converges very slowly. But the agreement observed in gure 5 is good.
Case 3: in between
Our result is shown in gure 6. We see that when the Reynolds number Re and the dimensionless particle radius a, o r 3 p c with c the volume fraction, are comparable in magnitude and small, the change in the drag F depends on the ratio = Re=a in a complicated way. As explained in the introduction, the inertial and particle interaction e ects are not simply additive. We note also that F is a full matrix for most e 0 because there is directional sensitivity when inertial e ects are included. This is to be expected since we approximate the ow around each particle by an Oseen ow which is not fully symmetric.
It is well known that in expressions generated by the Ewald summation technique, such as 6.22 and 6.23, the parameter does not a ect the value of C and C jj . This has 16 H. Cheng and G. Papanicolaou been veri ed in several cases in our numerical calculations. However, di erent c hoices of a ect the numerical convergence of C and C jj greatly. The optimal for fast convergence is hard to determine in advance. Our analysis of the limiting behavior of C and C jj in appendix B suggests that when is small, should be comparable to 2 and when is large, should be comparable to . I n b e t ween, we simply take 2 + =2. As noted in the introduction, our results are in agreement with the phenomenological analysis of Kaneda 1986 . The main qualitative di erence is that the inertia to particle interaction parameter is = Re=a or Re=c for xed random arrays in Kaneda 1986 . This characteristic di erence occurs, however, even without inertial e ects. For Stokes ow Sa man 1973, the relation between average force and average velocity for a uid-particle system is a di erent function of concentration for di erent t ypes of suspensions. In terms of U = U 0 , U=U 0 , i t i s known that:
i For xed periodic arrays Hasimoto's case for a simple cubic lattice These relations show that uid-particle interaction is stronger for xed periodic arrays than for xed random arrays, which is in turn stronger than that for random suspensions, at small volume fraction. We m a y expect, therefore, that inertial corrections to Batchelor's formula for sedimentation should depend on the parameter = Re=c. As far as we know, this problem has not been analyzed. Clearly g 1 t i s a n e v en function of t and g 2 t is odd. Thus 
